Abstract. Let PL + (S 1 ) be the group of order preserving piecewise linear homeomorphisms of the circle. An element in PL
Introduction
Let G be a group. An element g ∈ G is called reversible in G if it is conjugate to its inverse in G; there exists h ∈ G such that (1.1)
We say that g is reversed by h. An element h in G is called an involution if h = h −1 . If the conjugating element h can be chosen to be an involution then g is called strongly reversible. Any strongly reversible element can be expressed as a product of two involutions. So involutions are strongly reversible and strongly reversible elements are reversible. For n ∈ N * , define I n (G) = {τ 1 τ 2 . . . τ n : ∀ 1 ≤ i ≤ n, τ i is an involution in G};
R n (G) = { g 1 g 2 . . . g n : ∀ 1 ≤ i ≤ n, g i is a reversible element in G}.
For each integer n ∈ N * , it is clear that I n (G) ⊆ I n+1 (G) and R n (G) ⊆ R n+1 (G). The set I 1 (G) (resp. I 2 (G)) consists of the involutions (resp. the strongly reversible elements) in G. Denote by • S 1 = {z ∈ C | |z| = 1} the circle, it is a multiplicative group.
• Homeo(S 1 ) (resp. Homeo + (S 1 )) the group of all homeomorphisms (resp. orientation-preserving homeomorphisms) of S 1 .
• id the identity map of S 1 .
• s : S 1 −→ S 1 , z → z the reflection.
• Fix(f ) the set of fixed points of f . Two elements f and g of Homeo(S 1 ) are called conjugate in Homeo(S 1 ) if there exists h ∈ Homeo(S 1 ) such that g = hf h −1 . It is well known that for every homeomorphism f : S 1 → S 1 there exists a unique (up to a translation by an integer) homeomorphismf : R → R such that (1.2) f (e i2πx ) = e i2πf (x) andf (x + 1) =f (x) + k, for all x ∈ R where k ∈ {−1, 1}. Such a homeomorphismf is called a lift of f . We call f orientation-preserving if k = 1; resp. orientation-reversing if k = −1; which is equivalent to the fact thatf is increasing, resp.f is decreasing. Definition 1.1. A homeomorphism f of S 1 is said to be piecewise linear (PL) if it is derivable except at finitely or countably many points (c i ) i∈N called break points of f at which f admits left and right derivatives (denoted, respectively, by Df − and Df + ) and such that the derivative Df : S 1 −→ R * is constant on each connected component of S 1 \{c i : i ∈ N}.
Let f be a piecewise linear (PL) homeomorphism f of S 1 . Denote by B(f ) = {c i : i ∈ N} the set of break points of f . Define σ f (x) = Df − (x) Df + (x) the f -jump in x ∈ S 1 . So B(f ) = {x ∈ S 1 : σ f (x) = 1}, it is a discrete subset of S 1 .
The homeomorphism f is PL (resp. PL + , PL − ) if and only iff is a piecewise linear (resp. piecewise linear increasing, piecewise linear decreasing) homeomorphism of the real line R.
Denote by • PL(S 1 ) the group of all piecewise linear homeomorphisms of S 1 ,
• PL + (S 1 ) the group of orientation-preserving elements of PL(S 1 ), • PL − (S 1 ) the set of orientation-reversing elements of PL(S 1 ). If f ∈ Homeo + (S 1 ), we denote by ρ(f ) its rotation number.
In the sequel we identify ρ(f ) to its lift in [0, 1[. It is known (see for instance [4] ) that if an element f ∈ PL + (S 1 ) is reversed by h ∈ PL + (S 1 ), then by equality (1.1), ρ(f ) = 0 or 1 2 . The object of this paper is to characterize reversible elements (resp. strongly reversible elements) in the groups PL + (S 1 ) and PL(S 1 ). Our main results are the following. We denote by n f the smallest positive integer n such that f n has fixed points and by ∆ f the signature of f (see definition in Section 2). Theorem 1.5.
Theorem 1.2 (Reversibility in PL
( 
and only if there exists an involution
if and only if f is conjugate to the rotation r ρ(f ) through a homeomorphism h such that hrsh −1 ∈ PL − (S 1 ), for some rotation r of S 1 .
The next theorem is about composition of reversible (resp. involution) maps.
The structure of the paper is as follows. In Section 2 we give some notations and preliminaries results that are needed for the rest of the paper. In Section 3 we study reversibility in PL + (S 1 ) of elements f of PL + (S 1 ) by proving Theorem 1.2. In Section 4, we study reversibility in PL(S 1 ) by proving Theorem 1.4. Section 5 is devoted to the characterisation of strong reversibility in PL(S 1 ) of elements of PL + (S 1 ). Finally, Section 6 is devoted to the proof of Theorem 1.6.
Notations and some results

Denote by
• T the translation of R defined by T (x) = x + 1, and for each a ∈ R let T a be the translation defined by T a (x) = x + a. So T = T 1 .
• r π : z → −z the rotation of S 1 by π.
• For points x and y in S 1 , we denote by (x, y) the open anticlockwise interval from x to y, and by [x, y] the closure of (x, y). We say that x < y in a proper open interval I in S 1 if (x, y) ⊂ I.
• For f ∈ Homeo(S 1 ) we denote by deg(
• For f ∈ Homeo + (S 1 ) which has a fixed point, then each point x ∈ S 1 is either in Fix(f ) or it lies in an open interval component I in S 1 \Fix(f ). The signature of f (see [1] ) is a map ∆ f :
We have the following lemma.
with a fixed point and h ∈ Homeo(S 1 ).
Proof. The proof is down by induction, which is straighforward.
The following lemma shows that any reversible element of PL + (R) must have a fixed point.
Proof. In fact we show that f has a fixed point in any subinterval I of R such that f (I) = I = h(I): Otherwise, either f (x) > x for all x ∈ I or f (x) < x for all x ∈ I. Assume that f (x) > x for all x ∈ I. Then for all x ∈ I, f −1 (x) = hf (h −1 (x)) > h(h −1 (x)) = x since f and h are increasing, which means that f (x) < x; a contradiction. Thus Fix(f |I ) = ∅ and in particular, we have Fix(f ) = ∅. As f = id, so it is not an involution and hence h = id.
We will show that Fix(h) = ∅. Otherwise, suppose that Fix(h) = ∅. We will prove that in this case f = id, this leads to a contradiction.
Let I = (a, b) be a connected component of R\Fix(h). Then, either a or b is a real number. Let us assume that a ∈ R. By ( [2] , Lemma 2.4) f fixes each point of Fix(h). Then f (I) = I = h(I). Now, by the first step, f has a fixed point s ∈ I. So for each integer n ∈ Z, h n (s) ∈ I and by Lemma 2.2, f ((h n (s)) = h n (s). Since Fix(h |I ) = ∅, we can assume, by swapping h and h −1 if necessary, that h(s) < s < h −1 (s). Then the points h n (s) ∈ [a, s] for n ∈ N, and accumulate at a. So, f has infinitely many fixed points in the interval [a, s] .
] be a piecewise linear homeomorphism, and let ψ be the map of S 1 defined by
Then ψ is a well defined piecewise linear homeomorphism of S 1 , and it satisfies ψ −1 τ ψ = r π . We conclude that τ = ψr π ψ −1 is conjugate in PL(S 1 ) to r π .
(2) Let a be the point on S 1 with coordinates (1, 0) and let b be the point with coordinates (−1, 0).
] be a piecewise linear homeomorphism and let ϕ be the map of S 1 defined by
Proof. Let x ∈ Fix(g) and let ω f (x) be the ω-limit set of x under f . It is well known that ω f (x) is a periodic orbit (see [4] ). Since Fix(f ) = ∅, ρ(f ) = 0 and any periodic orbit under f is a fixed point of f . It follows that w f (x) = {a}; where a ∈ Fix(f ). As S 1 is compact, so (f n (x)) n converges to a. Now, we have g(f n (x)) = f n (g(x)) = f n (x) since g commutes with f . So, f n (x) converges to g(a) = a. Hence a ∈ Fix(f ) ∩ Fix(g).
Reversibility in PL
The aim of this subsection is to prove the following proposition.
Proof. Since ρ(f ) = 0, f has a fixed point x 0 = e it ∈ S 1 . We can assume that 1 ∈ Fix(f ) (by taking r −t f r t instead of f , where r t (z) = e it z is the rotation by angle t). Letf be the lift for f such thatf (0) = 0. Then for all n ∈ Z, (Tf )
) and for each n ∈ Z, let α n : [n, n + 1] → [n, n + 1] be the homeomorphism defined as:
On the other hand, the translation T satisfies T −1 = iT i; where i is the involution of R defined by
The proof is complete.
Proof. Since ρ(f ) = 0, Fix(f ) = ∅ and there is a liftf ∈ PL + (R) of f such that Fix(f ) = ∅. We have
Leth ∈ PL + (R) be a lift of h. Thenhfh −1 is a lift of hf h −1 . From equality (3.1), it follows thatf −1 =hfh −1 T −q for some integer q ∈ Z. As Tf =f T and Th =hT , thenf −1 = T −qhfh −1 =h(T −qf )h −1 . Therefore, sincef has a fixed point, (T −qf ) has also a fixed point a ∈ R. Then (T −qf )(a) = a, equivalently tof (a) = T q (a). So,
Now, we show that q = 0. Suppose that q = 0 (say q > 0). Then we
piecewise linear orientation preserving homeomorphism such that α 0 (a) = 0 and
+ (R) and we see that
We conclude that q = 0 and sof
which is not the identity and such that
ρ(f ) = 0. Then f is reversible in PL + (S 1 ) if
and only if some liftf of f is reversed by a homeomorphismh
Proof. The if part follows from Proposition 3.2. The only if part: let f ∈ PL + (S 1 ) with ρ(f ) = 0 and letf be a lift for f such thatf −1 =hfh −1 ; wherẽ h ∈ PL + (R) satisfyinghT = Th. Thenh is a lift for the homeomorphism
which is the lift of a homeomorphism g ∈ PL + (S 1 ) that is reversible by the rotation r π .
Proof. From Proposition 3.2, there existsh ∈ PL + (R) such thatf −1 = hfh −1 . Then by Lemma 2.3, Fix(h) = ∅. Soh is conjugate in PL + (R) to either the translation T : x −→ x + 1 or T −1 : x −→ x − 1, say T for example (see [2] ). It follows thatf is conjugate to a homeomorphism g ∈ PL + (R) satisfyingg −1 = TgT −1 . Therefore T 2g =gT 2 and we can define a homeomorphism g ∈ PL + (S 1 ) by g(e iπx ) = e iπg(x) , ∀x ∈ R. We have g −1 (e iπx ) = e iπg −1 (x) = e iπTgT −1 (x) = r π gr −π (e iπx ), ∀ x ∈ R, which means that g −1 = r π gr π .
Proof of the part (1) of Theorem 1.2. Let f be a reversible homeomorphism in PL
+ (S 1 ) such that ρ(f ) = 0. If f is the identity, assertion (1) is clear. So suppose that f is not the identity. Then there exists h ∈ P L + (S 1 ) such that f −1 = hf h −1 . Let us prove that ρ(h) ∈ Q. Otherwise, h is conjugate to an irrational rotation r by Theorem 2.5; there exists α ∈ Homeo + (S 1 ) such that h = αrα −1 . It follows that f −1 = αrα −1 f αr −1 α −1 , equivalently g −1 = rgr −1 ; where g = α −1 f α. Then by Lemma 2.2 for each integer n ∈ Z,
Since ρ(f ) = 0, Fix(g) = ∅. So let a ∈ Fix(g). By equality (3.2), for each n ∈ Z, r 2n (a) ∈ Fix(g). As the rotation r is irrational, we have S 1 = {r 2n (a) : n ∈ Z}. Therefore S 1 ⊂ Fix(g) and g = id. So, f = id, a contradiction. Let then ρ(h) = p q ; where p and q are coprime positive integers. Then h q has a fixed point. Let us prove that q is even.
Otherwise, by Lemma 2.2, f −1 = h q f h −q . Then as in the proof of Proposition 3.2, there is a lifth q of h q such that Fix(h q ) = ∅ and a liftf for f such thatf −1 =h qfhq −1 ; this contradicts Lemma 2.3. We conclude that q cannot be odd. Now, one can take q = 2i for some integer i.
Since f h 2i = h 2i f and Fix(f ) = ∅, so by Lemma 2.6, there exists a ∈ S 1 such that f (a) = a = h 2i (a). It follows that f (h j (a)) = h j (a) for each integer j since f −1 = hf h −1 . Let µ : S 1 −→ S 1 be the homeomorphism defined by
It is clear that µ is an involution in PL + (S 1 ). We have
We prove that the integer i is odd: Otherwise, suppose that i is even. Then f h i = h i f , and by (3.3) we obtain that µf µ = f . Moreover, as f −1 = hf h −1 , then we have f −1 = hµf µh −1 . Let a = e i2πy ; where y ∈ [0, 1[, and leth be a lift of h. As ρ(h) = p 2i , then n = 2i is the smallest integer such that h n has a fixed point. Therefore,h i (y) = y. Assume that y <h i (y). Since µ(a) = h i (a) andh i is a lift for h i , there is a liftμ for µ such that µ(y) =h i (y). By Proposition 3.2, there exists a liftf of f such thatf (y) = y andf −1 =hμfμh −1 =hfh −1 . It follows thatμfμ =f . Thereforẽ µfμ(y) =μf (h i (y)) =f (y) = y. Sinceμf is an increasing homeomorphism, the inequality y <h i (y) implies thatμf (y) ≤ y; equivalentlyh i (y) ≤ y, which is a contradiction since y <h i (y). Now the equality
3), we deduce that µf µ = f −1 . Therefore f is strongly reversible by µ in PL + (S 1 ). This completes our proof. Proof.
• First, assume that I is an open interval in the real line R. Assertion (1). If f is an involution then it is reversible in PL(I) by the identity map. Conversely, let f ∈ PL − (I), h ∈ PL(I) such that hf h −1 = f −1 . By replacing h with hf if necessary, we can assume that h ∈ PL + (I). One can extend f and h on R as follows:
, Proposition 2.5),f 2 = id on R. It follows that f 2 = id on I.
Assertion (2). Let f ∈ PL
+ (I) and h ∈ PL − (I) such that hf h −1 = f −1 . Let {p} = Fix(h), p ∈ I. We define the involution τ ∈ PL − (I) as follows:
Then h is one bump function and satisfiesĥfĥ
) and hence h(x) = h −1 (x), for each x ∈ (c, d). We conclude that the equality τ f τ = f −1 is satisfied.
• Now, let us assume that I = (a, b) is an open interval in the circle S 1 . Then, there exists an open interval I = (t 1 , t 2 ) in R such that the map ϕ : (t 1 , t 2 ) −→ (a, b) given by ϕ(t) = e 2iπt , is a homeomorphism. For f ∈ PL(I), set g = ϕ −1 f ϕ. We have g(t) = ϕ −1 f ϕ(t) = ϕ −1 f (e i2πt ) = ϕ −1 (e i2πf (t) ) =f (t), for each t ∈ (t 1 , t 2 ). Hence g ∈ PL( I).
Assertion (1). If f ∈ PL
− (I) then g ∈ PL − ( I). If f is reversed by h ∈ PL(I) i.e. hf h −1 = f −1 then g is reversed by k = ϕ −1 hϕ ∈ PL( I).
Hence by above, g is an involution and so is f .
Assertion (2) . If f ∈ PL + (I) and h ∈ PL − (I) such that f −1 = hf h −1 then g is reversed by k = ϕ −1 hϕ ∈ PL − ( I). By the above, g is strongly reversible in PL − ( I). Hence there exists an involution τ ∈ PL − ( I) such that τ gτ = g −1 . So (ϕτ ϕ −1 )f (ϕτ ϕ −1 ) = f −1 . As (ϕτ ϕ −1 ) ∈ PL − (I) and is an involution, so f is strongly reversible in PL − (I).
Proof. If f is strongly reversible in PL + (S 1 ), then by Proposition 3.4, there exist α ∈ PL(S 1 ) and g ∈ PL + (S 1 ) such that f = αgα −1 and g −1 = r π gr π . By Proposition 3.2, there exists a lift g ∈ PL + (R) of g such that
Recall that Therefore ( g s) ∈ PL − (R) which is strongly reversible in PL − (R). So by Lemma 3.5, ( g s) 2 = id; equivalently g −1 = s g s. The involution s satisfies s(t + 1) = s(t) − 1 for all t ∈ R. Therefore s is a lift for the involution σ of PL − (S 1 ) defined by σ(e 2iπt ) = e 2iπ s(t) ; ∀ t ∈ R.
It follows that for each t ∈ R, g −1 (e 2iπt ) = e 2iπ s g s(t) = σgσ(e 2iπt ). So g −1 = σgσ. We deduce that f −1 = τ f τ ; where τ = ασα −1 is an involution in PL − (S 1 ).
3.2.
Proof of the part (2) of Theorem 1.2. We need the following lemma.
Lemma 3.7. Let f ∈ PL + (S 1 ) such that Fix(f n ) = ∅ for some integer n ∈ N * . Then the following are equivalent.
Proof. If f is strongly reversible by an involution µ ∈ PL − (S 1 ) then f −1 = µf µ, which implies that f −n = µf n µ. Conversely, assume that f n is strongly reversible by an involution τ ∈ PL − (S 1 ) for some integer n ∈ N * , that is f −n = τ f n τ . We will show that f is strongly reversible in PL − (S 1 ). We have
, f (a))) by equality (3.5). Then by Lemma 3.5,
is either in (a, τ (a)) or in (τ (a), a). We can assume that f (a) ∈ (τ (a), a). Since f is orientationpreserving, we can easily see that
Let µ : S 1 −→ S 1 be the map of S 1 defined by
The map µ is a well defined homeomorphism of S 1 . Moreover µ ∈ PL − (S 1 ) that satisfies µ 2 = id and µf µ = f −1 . Thus f is strongly reversible in PL − (S 1 ). (2) (mod 1); where i is an odd integer. It follows that in the first case, f 2 = id, and in the second case, f 2 is strongly reversible in PL + (S 1 ) (see the proof of the part (1) of Theorem 1.2). By Lemma 3.6, f 2 is strongly reversible in PL − (S 1 ). As Fixf 2 = ∅, we conclude by Lemma 3.7 that f is strongly reversible in PL − (S 1 ). 
Proof of the part
given by ϕ(t) = e 2iπt , is a homeomorphism. If v is a fixed point free element in PL + (I), then ϕ −1 vϕ is a fixed point free element in PL + ( I). Then, by the above, there exists an involution α ∈ PL − ( I) satisfying ϕ −1 v −1 ϕ = αϕ −1 vϕα. It follows that v −1 = (ϕαϕ −1 )v(ϕαϕ −1 ). As τ = ϕαϕ −1 ∈ PL − (I), we conclude that v is strongly reversible in PL − (I).
(2) Let {a} = Fix(f ). By (1), the restriction f | S 1 \{a} is strongly reversible by an involution σ ∈ PL − (S 1 \{a}). Then we extend σ to a mapσ :
We see thatσ is an involution in PL − (S 1 ) which satisfies f −1 =σfσ.
Proof. Assume that there exists h ∈ PL − (S 1 ) such that f −1 = hf h −1 . Let us show that f is strongly reversible in PL − (S 1 ). If f has exactly one fixed point, then the conclusion follows from Lemma 4.2. Now, assume that f has more than one fixed point. Since h ∈ PL − (S 1 ), so h has exactly two fixed points a and b which divides the circle S 1 onto two connected components ((h(c), c) ) and
We can easily see that τ is an involution in PL
Proof of Proposition 4.1. Assume that f is reversible in PL − (S 1 ). We distinguish two cases: Case 1: ρ(f ) = 0. Then f is strongly reversible in PL − (S 1 ) by Lemma 4.3. Case 2: ρ(f ) ∈ R \ Q. Then by Theorem 2.5, there exists α ∈ Homeo(S 1 ) such that f = αrα −1 ; where r is the rotation of S 1 by ρ(f ). On the other hand, there exists h ∈ PL − (S 1 ) such that f −1 = hf h −1 , which implies that
Since g is an orientation-reversing element of Homeo(S 1 ), Fix(g) = ∅. Let a ∈ Fix(g) ⊂ Fix(g 2 ). The equality (4.1) implies that for each n ∈ Z, g 2 r n = r n g 2 . It follows that r n (a) ∈ Fix(g 2 ), for each n ∈ Z and by the fact that S 1 = {r n (a) : n ∈ Z}, we obtain that S 1 = Fix(g 2 ). Thus g 2 = id and so h 2 = id. We conclude that f is strongly reversible by the involution h ∈ PL − (S 1 ). Case 3. ρ(f ) = p q ∈ Q\{0}. In this case, ρ(f q ) = 0 and by the case 1, f q is strongly reversible in PL − (S 1 ). So by Lemma 3.7, f is strongly reversible in PL − (S 1 ).
4.2.
Reversibility in PL(S 1 ) of elements of PL − (S 1 ). In this paragraph we study reversibility of elements of PL − (S 1 ) in PL(S 1 ) by proving the following proposition. (
. Then the following statements are equivalent.
(1) f is reversible by an element h ∈ PL(S 1 ) that fixes each of the fixed points of f .
Proof. (1) =⇒ (2): Since f is orientation-reversing, so it has exactly two fixed points a and b. Set I = S 1 \{a}, it is an open interval in S 1 . As f −1 = hf h −1 and h(a) = a, the restriction f |I ∈ PL − (I) and is reversed by h |I ∈ PL(I). Then by Lemma 3.5, (1), f |I is an involution and so is f .
(2) =⇒ (1): is clear.
Proof of Proposition 4.4.
(1) =⇒ (2): Let f ∈ PL − (S 1 ) be reversed by
Since f is orientation-reversing, so it has exactly two fixed points a and b. We have h(Fix(f )) = Fix(f ). So, either h fixes each of a and b or it interchanges them. In the first case, we have Let µ : S 1 −→ S 1 be the map defined by
Clearly µ ∈ PL − (S 1 ) and µf µ = f −1 . Moreover, by equality ( * * ), we have µ 2 = id. This implies that f is strongly reversible in PL − (S 1 ). 
Conversely, assume that f ∈ PL + (S 1 ) such that Fix(f ) = ∅ and there exists h ∈ PL + (S 1 ) with
which means that f is reversible by hv ∈ PL + (S 1 ). Since Fix(f ) = ∅, ρ(f ) = 0 and by Theorem 1.2, f is strongly reversible in PL + (S 1 ). If f 2 = id, then it is clear that f is strongly reversible in PL + (S 1 ) by the identity map.
Strong reversibility of elements of PL
− (S 1 ). The aim of this subsection is to prove the part (2) of Theorem 1.5.
We have τ f (t) = t if and only if t = x or t = y. So, Fix(τ f ) = {x, y}. Moreover, we have: y, f (x) ), f (t) < u(t) ⇐⇒ τ f (t) < t ∀ t ∈ (f (x), x), u u −1 (t) < f −1 u −1 (t) ⇐⇒ τ f (t) < t. It is easy to see that h satisfies ∆ τ f • h = −∆ τ f . We conclude that each member of PL + (S 1 ) can be expressed as a composite of three involutions of PL + (S 1 ). So, PL + (S 1 ) = I 3 (PL + (S 1 )) = R 2 (PL + (S 1 )). There are elements in PL + (S 1 ) which are not strongly reversible in PL + (S 1 ); one can choose, for example, a homeomorphism f ∈ PL + (S 1 ) which is not an involution and with rotation number ρ(f ) = Proof of (ii). If f ∈ PL + (S 1 ), then by (i), f ∈ I 3 (PL(S 1 )). If f ∈ PL − (S 1 ), then Fix(f ) = ∅. Let a ∈ Fix(f ) and let I = S 1 \ {a}. Then,
there exists an open interval I in R such that the map ϕ : I −→ I given by ϕ(t) = e 2iπt , is a homeomorphism. Set g = ϕ −1 f ϕ. We have g ∈ PL − ( I).
Choose an involution σ ∈ PL − ( I) such that, for each x ∈ I, σ(x) > g(x).
Then g(σ(x)) < x, for each x ∈ I. Therefore, gσ is a fixed point free element in PL + ( I). By Lemma 4.2, (1), it is strongly reversible in PL − ( I); which means that there exist three involutions u, v in PL − ( I) such that gσ = uv. Thus g = uvσ. It follows that f |I = ϕgϕ −1 = (ϕuϕ −1 )(ϕvϕ −1 )(ϕσϕ −1 ). By extending ϕuϕ −1 , ϕvϕ −1 and ϕσϕ −1 to S 1 by fixing a, we get three involutions τ 1 , τ 2 and τ 3 in PL − (S 1 ) satisfying f = τ 1 τ 2 τ 3 . Hence f ∈ I 3 (PL(S 1 )). We conclude that PL(S 1 ) = I 3 (PL(S 1 )) = R 2 (PL(S 1 )). Moreover, PL(S 1 ) = I 2 (PL(S 1 )) as in the proof of (i). From Theorem 1.4, we have R 1 (PL(S 1 )) = I 2 (PL(S 1 )). Now to show that I 2 (PL(S 1 )) = I 1 (PL(S 1 )), it suffices to choose a nontrivial reversible element f in PL + (S 1 ) which is not the identity and with rotation number ρ(f ) = 0.
Remark 6.1. Contrarily to PL − (R) (cf. Lemma 3.5), there exists an element of PL − (S 1 ) which is strongly reversible in PL(S 1 ) but not an involution.
Proof. Indeed, Suppose that the remark is not true. We will prove in this case that any element f ∈ PL − (S 1 ) is an involution, this leeds to a contradiction since there are elements in PL − (S 1 ) which are not involutions. Indeed, let σ be any involution in PL − (S 1 ). Then σf ∈ PL + (S 1 ) and from Theorem 1.6, (i), there exist three involutions τ 1 , τ 2 and τ 3 in PL + (S 1 ) such that σf = τ 1 τ 2 τ 3 . This implies that f = στ 1 τ 2 τ 3 . By assumption, στ 1 is an involution in PL − (S 1 ) and then so is (στ 1 )τ 2 . We conclude that f is an involution.
